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1. INTRODUCTION 
The problem of finding the minimal genus of a smoothly embedded closed orientable 
surface which represents a given two-dimensional homology class with integer coefficients 
in a smooth 4-manifold M has a long history and a rich literature. Most works on this 
problem are concentrated on the case of genus zero, i.e. on embedding 2-spheres. A rather 
comprehensive survey on results of embedding 2-spheres until early 1990s is written by 
Lawson [ 133. Recently, there have been significant results related to the general problem of 
finding the minimal genus surface representing a given homology class. Using 
SU(2)- Donaldson invariants, Kronheimer and Mrowka [lo] showed that in any algebraic 
surface with b: > 1, a smooth algebraic curve of positive self-intersection is of minimal 
genus in its homology class. Since the introduction of Seiberg-Witten invariants, the Thorn 
conjecture was solved by Kronheimer and Mrowka [ 111; Kronheimer and Mrowka [ 111, 
Morgan, Szabo and Taubes [19] proved that a smooth pseudo-holomorphic urve of 
nonnegative self-intersection in a compact symplectic 4-manifold is genus minimizing. 
In this paper, we study the general minimal genus problem for the smooth manifolds 
S2 x S2 and CP2 # n??’ with 1 6 n 6 8. Our main tool is the generalized adjunction 
inequality of [16] for symplectic 4-manifold with b: = 1, which was derived from remark- 
able results of Taubes [22-241, Kronheimer and Mrowka [ll]. 
THEOREM E (Li and Liu [16]). Suppose M is a symplectic 4-manifold with b: = 1 and o is 
a symplectic form. Let C be a smooth connected embedded surface with nonnegative self- 
intersection. If [C] ‘u) > 0, then 2g(C) - 2 > K. [C] + [Cl’, where g(C) is the genus of 
C and K is the canonical bundle of w. 
In order to apply the above theorem, we have to understand the space of symplectic 
forms on these manifolds. This is achieved by Mori’s cone theorem and the structure 
theorem in [16]. We also give some interesting constructions of embedded Riemann 
surfaces realizing the lower bounds given by the generalized adjunction inequality. 
The problem for S2 x S2 and CP2 #D2 is completely solved. After we finished the 
paper, we learned that Ruberman [21] first solved the problem for S2 x S2 and CP2 #G2 
and got a weaker form of Theorem E in [16] for rational surfaces. For CP’ # nD2 with 
‘Partially supported by the Tianyuan Math. Funds. 
576 Bang-He Li and Tian-Jun Li 
2 < n < 6, we get complete results for two-dimensional homology classes with positive 
squares. For n = 7,8, and 
20 if n = 7 
genus < 
6 ifn=8 
the results are complete for homology classes with positive squares. 
Notice that for the problem with genus zero, i.e. for embedding 2-spheres in the cases of 
S2 x S2 and CP2 #D2, complete results were obtained by Fintushel and Stern [l], Kuga 
[12], and Lawson [14] and Luo [17], respectively. In the cases of homology classes with 
positive squares in CP2 #nD2, Gao [3] and Gan and Guo [S, 61 got some general 
nonrepresentable r sults, and Gao solved the problem for n = 2 or 3 completely. Kikuchi 
first obtained complete results for n = 2 or 3 in [S], and for n < 9 in [9]. Fintushel and Stern 
[2] have very general results for immersed spheres in CP2 #q-2 and other manifolds with 
bi > 1 with no restrictions on the sign of the self-intersection of the homology class. 
Our results for S2 x S2 is the following. 
THEOREM 1. Let y1 and y2 be the generators of H2(S2 x S2; 2) represented by S2 x {pt} and 
(pt} x S2, then the minimal genus of surfaces representing py, 
(IPI - l)(lql - 1) if P4 f 0 
0 if pq = 0. 
+ 4Y2 is 
Also, the minimal genus is realized by a nonsingular holomorphic curve for a suitable complex 
structure on S2 xS2 ifand only $1~1 )q) > 0 or (IpI - l)((qJ - 1) = 0. 
For H2(CP2#nD2; Z), we first fix a basis H, E,, . . . , E,, where H is the class of 
complex lines of CP2, and E 1, . . . , E, are the classes of holomorphic - 1 curves got by 
blowing up on n points on CP2 in the complex structure of CP2#nD2 coming from the 
above blowing ups. Then we have 
THEOREM 2. For aH - bEI E H2(CP2 #D2; Z), the minimal genus of surface represent- 
ing it is 
&(a’ - l)(a’ - 2) - b’(b’ - 1)) $(a - l)(a’ - 2) > b’(b’ - 1) and a’ # 0 
0 otherwise 
where a’ = max(la1, lbl}, b’ = min{lal, lbl>. Al so, the minimal genus is realized by a non- 
singular holomorphic curve for a suitable complex structure on CP’#@’ if and only if 
(a’ - l)(a’ - 2) 3 b’(b’ - 1) and a’ # 0. 
To state the results for 2 < n < 8, we say that 5 = aH - I!= 1 biEi is a reduced class, if 
aa0,b,>b2> ... ab,>O,and 
ifn=l 
if n=2 
if n > 3. 
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It is easy to prove that for n < 9, any 5 with 5’ > 0 is sent to a reduced class by an 
orientation-preserving diffeomorphism (see Lemma 4.1). 
A class II E H’(M, R) is called an S-class, if there exists a symplectic form o such that 
ye = [w], here [o] denotes the cohomology class of co. Let K, be the canonical ine bundle of 
w (by Corollary 4.3 in [16], up to isomorphism, depending only on [w] in the cases we are 
considering), and for i; E H2(M; Z), let 
S, = (y11y is an S-class and u.5 > 0} 
where v. 5 stands for the pairing of q and 5, i.e. their Kronecker index. Let 
gr = n$l +f(K;5 + ?)}. 
It is not hard to see (Lemma 2.4) that iffis an orientation-preserving diffeomorphism, then 
We have 
Sr = Sf*K), 
'THEOREM 3. Let 5 E Hz(M; Z) with t2 > 0. Then gr is the minimal genusfor 5, if 
(1) M = S2 x S2 or CP2 #nB’ with n 6 6 
(2) M = CP2 # n@’ with n d 8 and 
20 
SC G 
for n = 7 
6 for n = 8. 
And for a reduced class 5 = aH - CbiEi in H2(CP2 # n@‘; Z), 
ge = k (a - l)(a - 2) - i bi(bi - 1) 
i=l 
if n < 6; or n = 7, gr < 20; or n = 8, gr < 6. Furthermore, if n < 6, the minimal genus is 
realized by a holomorphic curve for some complex structure with the standard orientation. 
It is interesting to see which reduced classes 5 with positive squares have minimal genus 
1 or 2 for n d 8. We have 
THEOREM 4. Denote by (a; bl , . . . , b,) for 4 = aH - C biEi a reduced class in CP2 # nD2 
with t2 > 0, n < 8. Then 
(1) The set of 5 with gr = 1 is (3; 0, . . . ,O), (4; 2, 2,0, . . . ,O), (3; 1, b2, . . . , b,). 
(2) The set of 5: with gr = 2 is (6; 2,2,2,2, 2,2,2,2) and (5; 3,2,0, . . . ,O), (4; 2,0,0, . ,O), 
(4; 2, 1, b3, , b,). 
Remark 1.1. By [9], among the positive classes, there are infinitely many orbits of the 
automorphisms with minimal genus 0. But Theorem 4 says that there are only finitely many 
such orbits with minimal genus 1 or 2. We conjecture that the finiteness is true for every 
positive genus. 
If 5 E H2(CP2 #nD2; Z) with t2 = 0 and n < 8, then it was proved by the first 
author [15] that 5 is represented by smoothly embedded 2-spheres (notice that there are 
also infinitely many orbits of such class under the automorphisms). Now we are interested to 
see which such 5 is represented by a holomorphic sphere for some complex structure. We have 
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THEOREM 5. Let 5 E H2(CP2 #nCP2; 2) with t2 = 0, n d 8, then t is represented by 
a holomorphic (or a J-holomorphic) sphere-for a complex (or an almost complex) structure 
tamed by a symp~e~ti~ form inducing the standard orientation, bind only if 
And for each 1 < n < 8, such classes are exactly 
automorphisms. 
those in the orbit of H - El under the 
THEOREM 5’. In Theorem 5, if we give up the condition “tamed by a sympiectic form”, and 
replace 
rn~x(K,,.<} = -2 by K.[= -2 
for the c~no~icu~ class K ofsome almost complex structure with the standard orientution, then 
all the conclusions are still true. 
For n = 2, we get a criterion which allows us to see if a homology class is represented by 
2-spheres without using its reduced form. That is the following. 
THEOREM 6. Let { E H2(CP2 #2CP2; Z) with [* > 0. If the Poincare dual of 5 is an 
S-class, then t is not represented by u 2-sphere. If its Poinc~re duu~ is not an S-class and 
<* = 1, p, or 2p, where p is a prime 
then 5 is represented by a 2-sphere. 
2. PRELIMINARIES IN SYMPLECTIC TOPOLOGY 
Let us first give some definitions. Denote by p the quotient map from the space of closed 
2-form to H2(M; R). 
Let J be an almost complex structure of M. We say a nondegenerate 2-form o is 
J-tamed if O(U, Ju) > 0 for all nonzero tangent vectors 2’. We call J a symplectic almost 
complex structure if there exists J-tamed symplectic forms. For such a J, define the 
symplectic one ‘F; of J to be the image of all the J-tamed symplectic forms under the map p, 
Let K E H’(M;Z) be the canonical class of a homotopy class of almost complex 
structures. We say I< is a symplectic canonical class if there exists a symplectic atmost 
complex structure in this homotopy class. For a symplectic canonical class K, define the 
symplectic one ‘& to be the union of the symplectic ones %$ of all the symplectic almost 
complex structures with K as canonical class. 
We call two symplectic forms w1 and w2 deformation equivalent if o1 and w2 are joined 
by a path of symplectic forms (not necessarily cohomologous). 
Let (I/, co) be a symplectic manifold. An almost complex structure J is called tamed by 
w if w(v, Jv) > 0 for all nonzero tangent vectors u. For an w-tamed almost complex 
structure J, the J-effective curve cone NEJ( V) is defined to be the subset of Hz (V; R) given 
by 
(finite sum c aj[Ci] / Gj is a J-holomorphic curve, ai E R, ai B 01. 
A class C is said to be on the edge of NJ?‘(V) if whenever C = A + B for A, B E NEJ(V), 
then A and B are multiples of C. C is called extremal if and only if it is on the edge. The 
half-ray generated by an extremal C is called an extremal ray. 
MINIMAL GENUS SMOOTH EMBEDDINGS 579 
For smooth algebraic varieties, Mot-i’s cone theorem gives the structure of NE’(V) (J is 
the integrable almost complex structure). For any D E H2(V; Z), define 
D,o = (5: E H2V’; WIN4 2 0). 
Define DsO similarly. Denote by R+ the set of nonnegative real numbers. 
CONE THEOREM. There exists on an n-fold V a set of rational curves, li, i E I with 
0 < cl(lJ < n + 1 such that 
(1) NEJ(V) = C(R+)[IlJ + NEJ(V)n(-K).,, 
iel 
(2) Each li is extremal. 
These li are called Mori extremal rational curves. Mori also classified extremal rational 
curves for surfaces and 3-folds. An irreducible curve C on an algebraic surface X is an 
extremal rational curve if and only if one of the following is satisfied: 
(1) C is an exceptional curve (i.e. a -1 curve), 
(2) X has the structure of a P’-bundle over a curve (i.e. a ruled surface) such that C is 
one of the fibers, 
(3) X is CP2 and C is a straight line. 
For Fano varieties (the anticanonical class -K is ample, so -K has positive pairing on 
any holomorphic curve), NEJ(V) is generated by extremal rational curves. Fano surfaces 
(also called Del Pesso surfaces) are 
(1) CP’ x CP’ with product complex structure, 
(2) P,’ = CP2#nFF2, n = 0, . . . ,8. For n > 1, the complex structures are the ones from 
blowing up n distinct points, no three of them on a line and no six of them on a conic. 
Now we list all the Mori extremal rational curves on Fano surfaces except CP2: 
(0) CP’ x CP’: CP’ x {y>, {x> x CP’ 
(1) P::E,H-E 
(2) P$:Ei, H - C2Ei 
(3) P::E, H -C2Ei 
(4) Pi:Ei, H - C2Ei 
(5) P::Ei, H - C2Ei, 2H - CsEi 
(6) Pi:Ei, H - C2Ei, 2H - CsEi 
(7) P::Ei, H - CZEi, 2H - CsEi, 3H - C12Ei - C6Ei 
(8) Pi:Eiy H - CZEi, 2H - CsEi> 3H - C12Ei - CgEi, 4H - C32Ei - C5Ei, 
5H - C,2Ei - C2Ei, 6H - C,2Ei - C, 3Ei. 
The Kahler cone X(V) of a Kahler manifold V is defined by 
X(V) = {[o] E H2(V; R)Jo is a Kahler form}. 
It is well known that for smooth algebraic varieties, the Kahler cone ,X( V ) is the same as 
the ample cone (the cone of ample divisors in H2( V; R)). By Grauert’s ampleness criterion, 
for a complex surface V, a divisor L E H2(L; Z) with L2 > 0 is ample if and only if it has 
positive pairing with all irreducible holomorphic curves on V. So for a Fano surface V, 
X(V) = {[w] E H2(V; R)([w]’ > 0, [O](li) > O}. 
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LEMMA 2.1. For CP2 #n@ with n d 8, the symplectic conefor the symplectic canonical 
class K = - 3h + Cl-, ei is the same as the Kahler cone, where h and ei are the Poincare 
duals of H and Ei. 
Proof: Let W#) be the subcone of %fi’K(P.f) consisting of the symplectic forms cc) defor- 
mation equivalent to some Kahler form. The equality of G&(P,“} and X(Pi) is basically 
proved in [20]. Ruan showed that for o deformation equivalent o some Kahler form, Mori 
extremal rays remain pseudo-holomorphic for o-tamed almost complex structures. Since 
symplectic forms have positive pairing with pseudo-holomorphic urves, it follows from this 
that %&(I’$ c X(Pz). The other direction is obvious. In [l&j, it was proved that all 
symplectic forms for the symplectic canonical class K = -3h + Ci ei are deformation 
equivalent, so 
cl 
COROLLARY 2.2. If ah - Cibiei is in the symplectic cone for K = - 3h + Cibiei, then for 
all a’ > a, a’h - &biei is also in the symplectic cone. 
ProoJ From the above lemma, it suffices to show that a’h - Cibiei lies in the Kahler 
cone. By the definition of X(V), we known that the pairing between ah - Cibiei and any 
[li] is positive, so we only need to prove that the pairing between (a’ - a)h and any [ti] is 
nonnegative. This is clear from the list above. 0 
LEMMA 2.3. Let x and y be the standard generators of H2(S2 x S2; Z), then the symplectic 
cone for the symplectic canonical class I( = - 2x - 2y is the set 
{ax + by/a > 0, b > O}. 
This is included in Proposition 3.3 of [f6]. 
Finally, let us give the proof of the invariance of gs under orientation-preserving 
diffeomorphisms mentioned in the Introduction. 
LEMMA 2.4. Let f be an orientation-preserving difSeomorphism, then 
ProoJ: Let g = [w] E S,, where w is a symplectic form, then (f - “)*q = [(f - ‘)*w] and is 
also an S-class. Now. 
tf-‘)*Tf*t = 11.r > 0 
so (f-‘)*tl E ss*m and we have a map 
wl)* : s, + s,*,,,. 
Similarly, we have an inverse map 
Hence,S* is a one-to-one correspondence between SfLce, and S,, 
Let J be an almost complex structure tamed by w, and 
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be the tangential map off, then Tf 0 J 0 TS ’ is also an almost complex structure on M, and 
((f- ‘)*w)(u, T, 0 .I 0 Tf ‘u) = w(T; ‘u, J 0 Tj ‘u) > 0 
for 0 # u E TM, implies that Tf 0 J 0 T; 1 is tamed by (f-‘)*w. Therefore, 
T;‘:TM-+TM 
is a complex isomorphism of the complex bundles 
(TM,Tf+Tj’)+(TM,J) 
where (TM, J) stands for the complex bundle obtained by TM with the almost complex 
structure J. Notice that K, is the inverse determinant bundle of (TM, J), so T,F ’ induces an 
isomorphism 
&f-l,*, + K, 
and we have a commutative diagram 
I+)*V+ 9 T;’ K 
1 1 
M fl:M 
where the vertical arrows stand for the bundle projections. Thus, 
Kcfml,*V = (f- ‘)*K, 
as line bundles or as their first Chern classes. And so 
I+,*, Y,r = (f- ‘)*K, .f,t = K,. 5. 
Since (f&)’ = t2, and (f- ‘)* is a one-to-one correspondence between S, and S,*<, we have 
SC = Sr*W 
by the definition of gr. 
3. PROOFS OF THEOREMS 1 AND 2 
First, we restate the generalized adjunction inequality, i.e. Theorem E in [16]: 
Suppose M is a symplectic 4-manifold with b: = 1 and o is a symplectic form. Let C be 
a smooth connected embedded surface with nonnegative self-intersection. If [C] *o > 0, 
then 2g(C) - 2 > K. [C] + [Cl”, where g(C) is the genus of C, and K is the canonical 
bundle of o. 
Now, for S2 x S2 and CP2 #D2, the standard canonical classes are - 2x - 2y 
and - 3h + e (here e stands for ei), respectively. 
3.1. Proof of Theorem 1 
Let pyl + qy2 E H2(S2 x S2; Z) with p > 0. Fix a, b > 0, and take a big enough so that 
(ax + by). (pyI + qy2) > 0. By Lemma 2.3, ax + by is in the symplectic cone for the sym- 
plectic canonical class. If pyl + qy2 is represented by a smooth embedding of a surface with 
genus g, then by the generalized adjunction inequality, we have 
29 - 2 3 (-2x - 2a). (PY 1 + 4Y2) + (PYI + 4Y212 
= - 2p - 2q + 2pq 
582 Bang-He Li and Tian-Jun Li 
hence 
9 2 (P - l)fq - 1). 
If q > 0, then by a result from algebraic geometry (cf. [7], p. 380, Corollary 2.18), 
pyl + qy2 is represented by a nonsingular irreducible curve, and by the adjunction formula 
in algebraic geometry, this curve has genus (p - I)(q - 1). 
For any pyl + qy2 with jpj )qj # 0, there is a self-diffeomorphism~of S2 x S2 such that 
f*fPY1 + 41’2) = IPlY + IcilY2. 
Since Iply + /qjyz is represented by a nonsingular irreducible curve, so (pyi + qyz) is 
represented by a holomorphic curve for the complex structure induced from the standard 
one by J: It is obvious that (p”ii + qy2) andf,(py, + qy2) have the same minimal genus. 
Therefore, the minimal genus for pyl + qy2 is (jpl - i)(tql - 1). 
If pq = 0, it is well known that the minimal genus for pyl + qyz is zero. 
If pq # 0 and (IpI - l)( 141 - 1) = 0, then it is easy to see that pyl + qy2 is holomorphi- 
tally represented. 
Now consider the case pq = 0 but (jpl - l)(iq 1 - 1) # 0. Without loss in generality, we 
may assume p > 1 and q = 0. 
A theorem of Wu [29] says that all the canonical classes of all almost complex 
structures on a closed oriented connected 4-manifold are exactly those I( E H2(M) 
satisfying 
(K2, [M]) = 3a + 2% 
where K is a lifting of we, [M] is the fundamental class of M, and 5 and x are the 
signature and Euler number, respectively. So for S2 x S2, the set of K’s consists of c2x f 62y, 
E = -&, 6 = t_. 
If pyi is represented by a ~-holomorphi~ sphere with respect o some almost complex 
structure, then the adjunction formula for J-holomorphic curves of Mcduff [18] leads to 
0=1+&p 
for some E. This is impossible, so pyl cannot be represented by a J-holomorphic sphere. 
The proof for Theorem 1 is complete. 
remark 3.1. The smooth realization of minimal genus for pyi + qy2 is easy. One needs 
only to take 
sS2 x (*i3 and {+j) x 6S2, i = 1, 2, . . . , jpl, j = 1,2, . . . ,141 
such that E = sign p, 6 = sign q, and (*i, *j) are different JpI 141 points, then do surgeries on 
the IpI 141 intersection points (*i, *j), if pq # 0. 
Ifpq = 0, say q = 0, we just connect sS2 x (*i} and ES’ x (*i+ i> by a tube for i < jpl - 1. 
3.2. Proof of Theorem 2 
We are going to consider CP2#D2. Let aH - bE E H2(CP2#e2; 2;). We assume 
first that a > 0. Then by Corollary 1.2, there exists a symplectic form o with the standard 
canonical bundle such that (aH - bE) . o > 0. Thus, if aH - bE is represented by an 
embedded surface with genus g, the generalized adjunction inequality tells us that 
2g - 2 2 - 3a + b + a2 - b2. 
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By Corollary 2.18 in Hartshorne’s book [7], we see that if a > b, then aH - bE is 
represented by an algebraic curve, and its genus is 
f(a - l)(a - 2) - f b(b - 1) 
due to the adjunction formula in algebraic geometry. 
In the case of arbitrary a, b with Ial > lb1 > 0, we have a self-diffeomorphism f of 
CP2 #cp2 sending uH - bE to 1 al H - lb 1 E by Lemma 2 in [27]. Therefore, uH - bE is 
represented by a curve holomorphic to the complex structure induced by f from the 
standard one. 
CP* #D2 may be regarded as any complex line bundle Lk over S* with cl(Lk) = k odd, 
and an infinity section added. It is easy to see that there is a bundle map of L, to L_ 1 
covering a self-diffeomorphism of S* with degree - 1. Notice that L1 gives the canonical 
complex structure on CP* #D2 such that the zero section of L1 represents H, and the fiber 
of L1 represents H - E. Denote by f the orientation-reversing diffeomorphism induced by 
the above bundle map, then H. H = 1 and E. E = - 1 imply 
Thus, 
f,(H).f,(H) = - 1, f*(E).&.(E) = 1. 
f,(H)=+& f,(E)=kH 
and we have, by Lemma 2 in [27], a self-diffeomorphism of CP2#D2 which sends 
UH - bE to 1 bl H - Ial E. Therefore, if I bl > Ial > 0, there is a complex structure (with 
orientation opposite to the canonical one) and a holomorphic curve representing UH - bE 
with genus 
f WI - l)(lbl - 2) - lal(l4 - 1)). 
This genus is the minimal one due to the generalized adjunction inequality. 
If ub = 0 and Ial + I bl # 0, then by the arguments above, we may use a diffeomorphism 
to send UH - bE to (la1 + lbl)H, which is obviously represented by a holomorphic curve. 
Now, the only remaining case is Ial = I bl. If Ial = I bl = 1, it is obvious that UH - bE is 
represented by a holomorphic sphere for some complex structure. 
Recall that 
a’ = max{(ul, lbl}, b’ = min{lul, lbl}. 
It is easy to check that a’ and b’ do not satisfy 
(a’ - l)(u’ - 2) 3 b’(b’ - 1) and a’ # 0 
if and only if 
u’=b’=O or u’=b’>l. 
For these cases it is well-known that the minimal genus is zero, and we claim that there is no 
almost complex structure to allow a J-holomorphic sphere to represent he relevant class. 
Now, by Wu’s theorem mentioned above, the canonical classes of the almost complex 
structures are 
e3h + 6e and Eh + 63e 
where E = ), 6 = +. If our claim is not true for UH - bE, then by the adjunction formula for 
J-holomorphic maps again, we have 
0 = I + f(E3U + 6b) 
or 
0 = 1 + &a + 63b) 
for some E and 6. This is impossible for a’ = b’ = 0 or >l. Theorem 2 is proved. 
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Remark 3.2. The smooth realization of minimal genus for aH - bE with a > b > 0 can 
be obtained in the following way: 
Take a different lines in CP2 such that there are exact b of them which meet at a point z, 
and any other intersection point lies in just two lines. Then the number of intersection 
points other than z is 
b(a _ bl + (a - b)(u - b - 1) 
2 ‘ 
By doing the usual surgery on the above points, and blowing up at z, we get a smooth 
embedding of a connected surface of genus 
b(a _ b) + (Q - @(a - b - 1) 
2 
- (a - 1) = $((a - l)(a - 2) - bfb - 1)) 
which is exactly the minimal genus. 
4. PROOF OF THEOREM 3 
First, we need the following lemma which is the generalization of Theorem 2.1 in [3] and 
a relevant result in [S] for positive classes. 
LEMMA 4.1. If 2 < n d 9, and 5 E H2(CP2#nCP’; Z) with 5’ Z 0, then there is atz 
orien~a~iun-preserving ~~~eo~or~~is~ sensing t to a reduced class. 
Proof Recall an automorphism is called trivial if either it interchanges Ei and Ej for 
some i, j or it maps Ei to --I$. 
Let [ = aEf - CibiEi. By using trivial automorphisms, we may assume a > 0 and 
bI 2 bl > ... & b, 2 0. The case bl = 0 is trivial, so we assume bl > 0. Use the automor- 
phisms of Wall 
R =I 
i 
NH -El - E2) if n-2 
R(H - El - E2 - ES) if n > 3 
and let Rt$ = a’H - Ci b:Ei, then 
” = i 
3a - 2bl - 2bz if n=2 
2a - bl - b2 - b, if n 3 3. 
If C is not reduced, obviously a’ < a. We claim a’ > 0. 
For n = 2, a2 2 b: + bs implies 
2a2 2 2(bf + b:) > (b, + b2)2. 
Thus, 
3a 2 L(h, + b2) > 2(bl + b2). 
Jz 
For n > 3, a2 B &bf > bf + b$ + b: implies 
4a2 > 4(b: + b; + b:) > (b, + bz + b#. 
So, 2a > (b, + b2 + b3). The claim is proved. cl 
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Using trivial automorphisms again, we may assume b; 2 1.. > b: > 0. We can repeat 
the algorithm, and it is obvious that 4 will become a reduced class after using it several 
times. For 2 $ n < 9, all automorphisms of H2(CP2 #n@; Z) are realized by orientation- 
preserving diffeomorphisms, and so the proof for the lemma is complete. 
Consider CP2 #ne’ with n < 8, and a reduced class 5 = aH - CbiEi with positive 
square. By Corollary 2.2, there is a symplectic form w with canonical class K = - 3h + Cei 
such that 5. o > 0. So, if 4 is represented by a smooth surface of genus g, then the 
generalized adjunction inequality yields 
g, = (a - l)(a - 2) bi(bi - 1) 
2 -F 2 Qg 
and by the definition of g5, g’ < gr. 
When 2 d n d 6, it is easy to check that all reduced classes have positive pairing with 
any class of extremal curve listed in Section 2. 
By a result in algebraic geometry (cf. [3, p. 407, Ex. 4.8]), when 2 < n < 6, on P.” with 
Fano complex structures (coming from blowing up CP2 at n distinct points, no three of 
them on a line and no six of them on a conic), a divisor class 5 with positive square is 
represented by a smooth algebraic curve if 5. L 2 0 for all holomorphic - 1 curves L. Since 
all holomorphic - 1 curves are extremal curves, all reduced classes with positive squares 
are represented by smooth algebraic curves. By the adjunction formula in algebraic 
geometry, the algebraic curve representing a reduced class is g’. So the minimal genus of 5 
is g’. 
Now, for any q E S,, by the generalized adjunction inequality again, 
l+$(K;5+i”2)<g’. 
Therefore, gr = g’. 
If 5 is not reduced, by Lemma 4.1, we have an orientation-preserving diffeomorphism 
fsuch thatf,(t) is reduced. It is easy to see that 5 and_&([) have the same minimal genus, 
and also g5 = gr,co. So the proof for n d 6 is complete. The proof for S2 x S2 is easy in virtue 
of Theorem 1. 
Now, look at the case n = 7 and 8. We need the following lemmas. 
LEMMA 4.2. Let 4 = aH - Cy= 1 biEi be reduced, and 
f(() = (a - l)(a - 2) 
2 
_ i$I bi(b;- 1). 
Then for 4 < n < 9, f assumes its minimal value at b(3H - x1=, Ei) among all reduced < with 
b,=b>l. 
Proof. Obviously, for fixed (b,, . . . , b,),fassumes its minimum when a = bl + b2 + bJ. 
For such a, 
f = 1 + b,b2 + b2b3 + blbJ - b, - b2 - b3 + i - bt+ bi. 
i=4 L 
Since df/abi > 0 for i 6 3, we see that for fixed (b4, b 5, . . . , b,), f has its minimum when 
bI = b2 = b3 = b4, that is 
- b? + bi 
1 +;(b:-b,)+ i 2 . 
i=5 
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Since (-b: + Q/2 decreases when bi increases, the 
b4 = a.. = b,, This proves the lemma. 
LEMMA 4.3. Let [ = UH - Cy= 1 biEi be reduced with t2 
minimum is assumed when 
0 
Proof. For n < 6, we have proved in the previous part of this section that f is the 
minimal genus of i& so f > 0, 
For n = 7, if b7 = 0, we can reduce the problem to a case with n 6 6, since 
$b7(b7 - 1) = 0. If b, 2 1, we have by Lemma 4.2 
Fur M = 8 or 9, we may 
This proves the lemma. 
fB1 +,$b,>O, 
reduce to a case having smaller YE or use Lemma 4.2 to see 
f> 1. 
a 
The following pr~p~sitiun may have independent interest. 
(a - l)(u - 2) n b#+ - 1) 
2 -i=l 2 ’ c 
Proof The case of b, < 2. Take 3 different points Ai, A, and A3 on CP’, and bi different 
lines passing through Ai but not through Aj for i # j, i = 1,2,3. Then take 
(a - bl - bz - &) lines such that they are different and all intersectian points except Al, AZ 
and A3 only lie in twu lines. The number of i~terse~tiun points other than A1,.AZ, and A3 is 
(a - l)(a - 2) 3 bi(bi - 1) 
2 -i=t 2 . c 
If 5, > 0, then all lines meet either El and 12, where Ii is a line thraugh Ai, and we are able to 
take a - 1 intersection points and do surgery on these points to get an immersion of 
a 2-sphere. If b, = 0 then l2 > 0 implies a > b1 and there is a line which meets all other 
~1. - I lines. Doing surgery on the a - 1 intersection points, we get again an immersiun of 
a 2-sphere. Now, for every i > 4 with bi = 2, we pick up a remaining intersection point 
(different for different i and that this is possible is explained below), and for i 3 4 with bi = 1 
(or O), we just pick up a point on (or not on) any line, Then do blowing ups on these points 
and Al, A2 and AS, we get an immersion of a 2-sphere in CP’ #am’. 
The number of the intersection points is now 
which is nonnegative by Lemma 4.3, and this justifies the possibility of the preceding 
process for i 3 4 with bi = 2. Do surgery on these points, we get a representation of 5 by an 
embedding of surface whose genus is the required one* 
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The case ofbq = 3 and n = 8. First of all, take 4 points Ai, AZ, A3 and A4 on the real 
plane such that they form a quadrangle whose two pairs of opposite sides are not parallel. 
Let AiAj be the line passing through Ai and Aj, and assume that Al, AZ, A3 and A4 sit 
counterclockwise. Denote by m the maximal i with bi = 3. 
Case 1. m = 4. We take first a + 3 - bl - b2 - b3 lines Lk, k = 1,2, . . . , such that no 
one of them passes through any Ai, and all other intersection points of {AiAj, Lk} in the real 
projective plane except he Ai only lie in two lines. Then for every i < 3, take bi - 3 different 
lines Li, different with AiAj and pass through Ai such that any intersection point of 
{AiAj, Lk, Lis} in the projective plane, except Al, AZ, A3 and Ab, lies in only two lines. 
Case 2. m = 5 OY 6. For m = 5, let L be a line passing through the intersection point of - - - - 
A3A4 and AlA but not meeting any intersection point of AiAj and Ai,Aj,. - - 
If m = 6, let L be the line passing through the intersection point of AlA and A,A, and - - 
that of AIA3 and A2A4. 
Then take a + 2 - bl - b2 - b3 lines Lk and bi - 3 lines Li, for i $3 as in Case 1. 
Case 3. m = 7 or 8. If m = 7, assume L has been taken as in the case m = 6, and let L’ be - - 
a line passing through the intersection point of A1A4 and AzA3, but not passing through 
other intersection points of {AiAj, L}. 
If m = 8, assume L and L’ have been taken as in the case m = 7, and let L” be a line 
passing through the intersections of L and L’ and not meeting other intersections of 
{a, L, L’}. 
Then take a - m - bl - b2 - b3 lines Lk and bi - 3 lines Li, as in Case 1. 
Thus, for b, = 3 and n = 8, we have a lines in CP such that all intersections of them, 
except m points, lie in only two lines, and for the m distinguished points, they lie in exactly bi 
lines, i = 1, 2, . . . , m. Furthermore, on any line, there are at most three of the m points. To 
see this, notice first that the m distinguished points do not lie in any Lk, and every Li, meets 
only one of them. And in the case of m = 8, there are exactly three of them on L and every 
AiAj, 1 < i < j < 4, and two of them on L’ and one of them on L”. 
If the set {Lk} is nonempty, then L1 meets the other line at one point. Now {LJ is empty 
ifandonlyifa=9andb,=b,= .‘. = b8 = 3. And in this case, L” meets all AiA, and 
L meets AlA,, L’ meets AzA4 at points other than the eight distinguished points. Therefore, 
in both cases, we are able to do surgery on a - 1 points to have an immersion of 2-sphere in 
CP2. Then a procedure, as we used in the case b4 < 2, will lead to a smooth embedding in 
CP2 # 8D2 of a surface representing 5 with the required genus. 
The case of n = 7 and b, = 3 or 4. For n = 7 and b, = 3, it is in the same spirit as in the 
case n = 8 and b4 = 3, and is easier. 
For n = 7 and b4 = 4, we work only in the special case, that is a = 12 and 
bl = b2 = ... = b7 = 4, and the general case is easy to see from this special one. To do this, 
we take a quadrangle with vertices Al, A2, A3 and A4 sitting counterclockwise, and with no - - 
opposite sides parallel. Let A5 be the intersection point of Al A2 and A3A4. Let As be a point - - 
on A1A4 other than Al and A4 and the intersection point of A1A4 and A2A3. Take a point - - 
A7 on AsA such that A7A1 and A7A4, do not meet the intersection point of any two lines - - 
AiAj and Ai,Aj, other than Al and Ah, where i,j, i’, j’ E [l, 63 (this is possible since there are 
only finitely many points on A6AJ without this property). Now we have the following 12 
lines: 
AiAj, 1 <i<j<4 
- - - 
A6A2, AhAs, ALAS 
- - - 
A~AI, A,A4, A,A5 
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such that for every i < 7, there are exactly four lines passing through Ai, while any other 
intersection point meets only two lines. One can check that we may choose 11 intersection 
points other than Ai to do surgery to get an immersion of a 2-sphere in CP’. Then doing 
surgery on other intersection points with only two lines passing through, and blowing up on 
Ai, we get a required embedding. 
The proof for Proposition 4.4 is complete. 0 
Return to the proof of Theorem 3. By Lemma 4.2, for any reduced class 5 = 
aH - I:= 1 biEi> we have 
Therefore, if 
, < 20 for n = 7 
” 6 i forn=8 
then b, < 4, for n = 7, and b4 < 3 for n = 8. And Proposition 4.4 together with the 
generalized adjunction inequality shows that the minimal genus for such a reduced t is g’ 
and g’ = gc 
Now, for any 5: with l2 > 0 and 
i 
20 if n = 7 
ss G 6 ifn=8 
we have an orientation-preserving diffeomorphism f such that f,(t) is reduced. 
Since gS = gJ,W we see that the minimal genus of 5: is ge The proof for Theorem 3 is 
complete. cl 
Remark 4.5. The proof of Proposition 4.4 gives a method to construct smooth embed- 
ding of minimal genus for any 5 with t2 > 0, if n < 3, without using results in algebraic 
geometry. And for n = 4,5,6, we may do the same thing for quite big ge 
5. PROOF OF THEOREM 4 
The case ofgc = 1. Let 5 be reduced. Consider the solutions of the following equations: 
- 3a + i bi + a2 - bf! = 0. 
i=l 
Let a = bI + k, then k > 1 and 
b2 + b3 < k. 
Replace bI by a - k in (*), we obtain 
Let 
2(k - 1)a - k2 -k - i bf + i bi = 0. 
i=2 i=2 
f(k, a, b2, b3) = 2(k - 1)a - k2 - k - b: + b2 - bg + b3 
(*I 
then f is nondecreasing in the variable a. Since b2 < bI = a - k, a 2 b2 + k. And for a fixed 
b3 < b2, the minimal value of f(k, a, b2, b3) with a > b2 + k is the minimal value of 
f(k, b2 + k, b2, b3) as a function of b2 with b3 < b2 d k - bJ. 
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Now, it is obvious that 
g(b,) =f(k bz + k, bz, &) 
= 2(k - l)(& + k) - k2 - k - b; + b2 - b: + b3 
can take its minimum only on the ends of the interval [b3, k - bJ. Since 
g(k - b3) - g(b3) = (k - l)(k - 2b3) > 0 
the minimum of g(b2) is g(b3). For i > 4,0 6 bi < b3 implies 
- bf + bi > - bi + b3, 
So, the left-hand side of (*)’ is greater than or equal to 
h(bj)A g(b3) + (n - 3)(-b: + 63) 
= 2(k - l)(b, + k) - k2 - k + (n - 1)(-b: + b3) 
> 2(k - l)(b, + k) - k2 - k + 8(-b: + b3) 
A l(b,). 
Now, the solutions of I@,) = 0 are k/2 and 83 - k). Thus, if k > 4, h(b,) > 0 for 
0 < b3 < k/2. So the only possible solution for (*)’ is b3 = k/2. But now k/2 > 2 implies 
(n - 1)(-b: + b,) > 8(-b: + b3), so h(k/2) > 0, hence there is no solution of (*)’ for k 2 4. 
For k = 3, b3 must be less than 2. Thus, (*)’ becomes 
4a - 12 = b: - b2 
where b2 d 3. So the only solutions of (*)’ for k = 3 are 
(3; 0, 0, . ,O). 
If k = 2, b3 must again be less than 2, so (*)’ becomes 
2a - 6 = bz - b2 
where bz + b3 d 2. And we get the solutions of (*)‘: 
(4; 2,2,0, . . . ) 0) 
(3; 1, bz, b3, . . . ,b,). 
If k = 1, b3 must be 0, and (*)’ becomes 
-2=-b;+b, 
where b2 < 1. So there is no solution of (*)‘. 
The case of gs = 2. Consider the equations 
and 
- 3a + f: bi + a2 - i b? = 2 (**) 
i=l i=l 
2(k - 1)a - k2 - k - i b: + i bi = 2 (**)’ 
i=2 i=2 
where k > 1, a = bI + k, and b2 + b3 < k. Define the functions h(b,) and l(b,) as above. We 
still have the left-hand side of (**)’ being greater than or equal to 
h(&) 2 Qb,). 
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Since 1 has zeros at a(3 - k) and k/2, and 
1(O) = k2 - 3k >2 ifk>4 
>2 ifkodd >5 
> 2 if k even > 4 
we see that if k is even and k > 4, only when b3 = k/2, there may be solutions of (**)‘. And if 
k = 3, the possible solutions occur only when b3 = 0 or 1. 
(1) k = 3 and b3 = 0 or 1. (**)’ becomes 
4a - 12 -b; + b2 = 2 
where bz + b3 6 3. There is no solution. 
(2) k even and k > 4, b3 = k/2. Then bz = k/2 and (**)I becomes 
II 6 8 implies 
2(k - 1)~ = 2 + i (bf - bi) + i k2. 
i=4 




If n < 7, 
i$4 (bf’ - bi) < 4 = k2 - 2k < ;k2 - 3k - 2 
so (w)’ has no solution. 
For y1= 8, we have 
k 2 
;k2-3k-2= i (bf-bi)<5 z -; 
i=4 (0 > 
and for k 2 4, the only solution for the above inequality is k = 4. And actually for k = 4, the 
equality holds. So bi = 2 for i > 4. Therefore, the only solution of (**)’ is 
u = 6, bi = 2, 1 6 i < 8. 
(3) k = 2, b2 + b3 < 2, so b3 = 0 or 1, and (**)’ becomes 
2a - 6 - b: + b2 = 2 
b2 = 0 leads to the solution (4; 2,0,0, . . . ,O) 
b2 = 1 leads to the solution (4; 2, 1, b3, . . . , b,) 
b2 = 2 leads to the solution (5; 3, 2,0, . . . ,O). 
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(4) k = 1, b2 + b3 < 1, and (**)’ becomes 
-2=2. 
Therefore, we have found all solutions for g,: = 2. The proof is complete. 
6. PROOF OF THEOREMS 5 AND 5 
The case of n = 1 is essentially included in Theorem 2 already. And the case of 5 = 0 is 
trivial by the adjunction formula for ~-holomo~hic curves. So, we deal only with the case 
i: # 0 and 2 < n < 8. The proofs for Theorems 5 and 5’ are essentially the same, so we write 
down the proof of Theorem 5. 
Necessity. If 5 is represented by an embedded J-holomorphic sphere for some almost 
complex structure tamed by o, then C:. o > 0, and K,,, E S,. So by the adjunction formula 
for J-holomorphic curves. 
K,,, . < = - 2. 
By the generalized adjunction inequality, for r~ E S,, we have 
And necessity is proved. 
S~~cie~cy. Suppose 
Then there is a symplectic form with 5 + w > 0 and Kt,r. t = - 2. By Wall [26,27-J, 
diffeomorphisms act transitively on the canonical classes of almost complex structures with 
the standard orientation. Since - 3h + Cy= 1 ei is one canonical class there is a orientation- 
preserving diffeomorphism f satisfying 
hence, 
Let 
f*(t) = aH - CbiEi 
I 
we claim that a > 0. If a < 0, we would have 
hence Cibi < 0 and 
Thus, if n < 8, 
31~1 + Cbi = - 2 
1 
9a2 < Cbi 
(i 1 
’ < 8Cby = 8a2. 
t 
This obvious contradiction justifies our claim. Thus, we have a r 0 and 
- 3a + Cbi = - 2. 
I 
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Hence, 
and 3a - 2 = a$? iff n = 8 and bI = b2 = ... = b8 = a/J%. This is impossible, so 
a 8>3a-1 J 
a<3+Jiic6. 
Now, we are able to find all solutions of the system 
i 
a2 = C,b? 
- 3a + Cibi = - 2 
forO<ad5.1fweassumeb1~b,> ... abs,thentheyare(a;bl,bz,...,bs)= 
(1) (1; LO, 0, 0, 090, 0,O) 
(2) (2; 1, 1, 1, LO, 0, 0,O) 
(3) (3; 2, 1, 1, 1, 1, LO, 0) 
(4) (4; 3, 1, 1, 1, 1, 1, 1, 1) 
(5) (4; 2,2,2, 1, 1, 1, LO) 
(6) (5; 392,292, 1, 1, 1, 1) 
(7) (5; 2,2,2,2,2,2, LO). 
The cases (1) and (2) are obviously realized by holomorphic spheres. For cases (3)-(7), we 
use the automorphism of Wall for 4 = aH - CibiEi: 
R(H - El - E2 - E3)l = (2a - bI - b2 - b3)H -(a - b2 - b3)E1 
- (a - bl - ba)Ez - (a - bl - bz)E3 - Ci>,biEi 
then (3)-(7) become 
(3’) (2; LO, 0, 1, 1, LO, 0) 
(4’) (3; 2,0,0, 1, 1, 1, 1, 1) 
(5’) (2; O,O, 0, 1, 1, 1, LO) 
(6’) (3; LO, 0,2, 1, 1, 1, 1) 
(7’) (4; 1, 1, 1,2,2,2, LO). 
(3’) and (5’) are essentially (2), (4’) and (6’) are essentially (3) and (7’) is essentially (5). So they 
are all realized by holomorphic spheres. 
Since R(H - El - E2 - Es) sends (2) to 
(2’) (1; 0, 0, 0, LO, 0, 090) 
which is essentially (1). So it is easy to see that for each 1 < n < 8, the holomorphic sphere 
representations are obtained by those holomorphic spheres representing H - E, via ori- 
entation-preserving diffeomorphisms. Since H - El is represented by a holomorphic sphere 
for the standard complex structure which is tamed by symplectic forms, the proof is 
complete. 
Remark 6.1. After the paper was finished, we found a result of Gan [4]: if n < 8, and 
5’ = 0, then t is equivalent o (d; d, 0, . . . , 0). This may lead to another proof of Theorem 5. 
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7. PROOF OF THEOREM 6 
According to Wall, there exists a self-diffeomorphism of Cl” #nB2 such that 
f,< = aH - blEl - b E 2 2 with a > 0, bI 2 b2 > 0 and a 2 bI + b2. Denote by O(t) the 
Poincare dual of 5, we have 
f *(wf*r)) = D(5). 
So O(t) is an S-class iff D(f*t) is. Now 
D(f*t) = ah - blel - b2e2. 
By Lemma 2.1, the symplectic cone for k = - 3h + e, + e2 is 
S = {a’h - b;e, - b;e,/a’,b;, b; E R, a’ > b; + b;, b; > 0, b; > O}. 
Thus, if Df,(ij E S, it is an S-class. If Df,(<)#S, but is an S-class, then there is a connected 
neighborhood U of Of,(<) in H2(CP2 # 2D2, R) such that all elements in U are S-classes. 
But UnS # 8 implies that Of,(c) has also the canonical class - 3h + el + e2. This 
contradicts to Lemma 2.1. Therefore, D( f, 4) is an S-class iff bI > 0, b2 > 0 and a > bI + b2. 
So D( f,<) being an S-class implies la - bI 1 2 b2 + 1 2 2, thus 4 cannot be represented. If
5 is not an S-class, then one of 
b2 =0 and a = bI + b2 
must hold. If b2 = 0, then 
t2 = a2 - b: = (a - bI)(a + b,). 
If t2 = 1 or p, then a - bI = 1. If t2 = 2p, then a - bI = 2 and a + bI = p. The only 
possibility for this is a = 2, bI = 0. If a = b, + b2, then 
t2 = a2 - b: - b; = 2blb2 
so t2 # p, then c2 = 2p, and blb2 = p implies bI = p, b2 = 1. So a - bI = 1. This proves 
Theorem 6. 
Remark 7.1. The criterion in Theorem 6 is sharp in some sense. 
Let 0 < m # 1, p and 2p. 
If m is odd, then 
m+l m-l -H-- 
2 2 E1 
is represented; and let m = m1m2 with 1 < ml < m2, then 
VH- (m2 - mdE 
2 ’ 
cannot be represented. 




is represented; and let m/2 = mlm2 with 1 < ml < m2, then 
(ml + m2)H - m2El - mlE2 
cannot be represented. 
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